The transport properties of serially coupled quantum dots (SCQDs) embedded in a matrix connected to metallic electrodes are theoretically studied in the linear and nonlinear regimes. The current rectification and negative differential conductance of SCQDs under the Pauli spin blockade condition are attributed to the combination of bias-direction dependent probability weight and off-resonant energy levels yielded by the applied bias across the junctions. We observe the spinpolarization current rectification under the Zeeman effect. The maximum spin-polarization current occurs in the forward bias regime. Such behavior is different from the charge current rectification. Finally, the Seebeck coefficient (S)of SCQDs is calculated and analyzed in the cases without and with electron phonon interactions. The application of SCQDs as a temperature detector is discussed on the basis of the nonlinear behavior of S with respect to temperature difference across the junction.
Introduction
Serially coupled quantum dots (SCQDs) exhibit the transport properties of current rectification due to the Pauli spin blockade, negative differential conductance (NDC), nonthermal broadening of the tunneling current, and coherent tunneling in the Coulomb blockade regime.
1−3) Although many theoretical works have been devoted to investigating these phenomena, they still can not explain the transport properties of SCQDs systematically. 4−8) Sun e al calculated the tunneling current of SCQDs in the Pauli spin blockade using the Keldysh-Green function technique.
4) The procedure introduced in ref [4] to solve high-order Green functions arising from electron Coulomb interactions can not resolve the quantum paths of SCQDs. In Refs. 5-8, the master equation was used to calculate the tunneling current of SCQDs. However, in these works, cases are restricted to t c ≪ Γ, where t c and Γ denote, respectively, the interdot hopping strength and tunneling rate between the electrodes and the quantum dots (QDs).
Here, a closed-form expression for the tunneling current of SCQDs with a finite interdot hopping strength enables the analysis of current rectification arising from coherent tunneling with a spin blockade and the NDC of tunneling current resulting from off-resonant energy levels. The effect of Zeeman energy splitting on tunneling current is investigated to clarify the behavior of spinpolarization current. In addition, the Seebeck coefficient (S) of SCQDs is calculated in the cases without and with electron phonon interactions (EPIs). In the absence of EPIs, we propose how to use SCQDs as a temperature detector on the basis of the nonlinear Seebeck coefficient. When the SCQDs are embedded in a phonon cavity 9−11) , it is possible to manipulate EPIs to control the electrical conductance and Seebeck coefficient of junction systems.
Formalism
Because we consider nanoscale semiconductor QDs, the energy level separation of between QDs is much larger than their on-site Coulomb interactions and thermal energies. One energy level for each quantum dot is considered in this study. The two-level Anderson model including EPIs is employed to simulate the SCQD junction system shown in the inset of Fig. 1(a) . The Hamiltonian of an SCQD junction 12) is given by H = H 0 +H CQD +H T
, and λ ℓ = Ω ℓ /ω 0 . Under the canonical transformation, the coupling strengths between the electrodes and the dots, on-site energy levels, intradot Coulomb interactions, interdot Coulomb interactions, and electron interdot hopping strengths are renormalized by EPIs. If we consider a special case of λ 1 = −λ 2 = λ, we have
This special case of Eq. (4) was already considered in refs 15 and 16. For the case of Eq. (4), we have an effective electron interdot Coulomb interaction U ℓ,j +2λ 2 ω 0 , which is always repulsive and enhanced with increasing EPIs.
16)
To decouple the EPIs of H new , we take the mean-field average to remove the phonon field arising from c † − c, which is < exp
. On the basis of such a mean-field average, we see a reduction of V k,ℓ exp
This leads to the redefinition of the renormalized resonance width of each energy level of the QD. T p is the phonon temperature.
Using the Keldysh-Green function technique and neglecting the phonon -assisted tunneling process, 12) the tunneling current of an SCQD is given by
where
where ∆V a denotes the applied bias. Notation T L(R) denotes the equilibrium temperature of the left (right) electrode. e and h denote the electron charge and Planck's constant, respectively. T ℓ,j (ǫ) denotes the transmission coefficient, which can be calculated by the on-site retarded Green function and the lesser Green function. The transmission coefficient has the following expression:
where Im means taking the imaginary part of the function that follows, and
k,ℓ δ(ǫ − ǫ k ) denotes the tunnel rate from the left electrode to dot A (E 1 ) and from the right electrode to dot B (E 2 ), which is assumed to be energy-and bias-independent for simplicity. µ ℓ = ǫ − E e ℓ + iΓ e ℓ /2. We can assign the following physical meaning to Eq. (6) . The sum in Eq. (6) is over eight possible configurations labeled by m. We consider an electron (of spin σ) entering level ℓ, which can be either occupied (with probability N ℓ,σ ) or empty (with probability 1 − N ℓ,σ ). For each case, the electron can hop to level j, which can be empty (with probability a j = 1−N j,σ −N j,σ +c j ), singly occupied in a spinσ state (with probability b j,σ = N j,σ − c j ) or spin σ state (with probability b j,σ = N j,σ − c j ), or in a double-occupied state (with probability c j ). Thus, the probability factors associated with the eight configurations appearing in Eq. (6) are
, and p 8 = N ℓ,σ c j . Σ m in the denominator of Eq. (7) denotes the self-energy correction due to Coulomb interactions and coupling with level j (which couples with the other electrode) in configuration m. We have The probability factors of Eq. (7) are determined by the thermally averaged one-particle occupation number and two-particle correlation functions, which can be obtained by solving the on-site lesser Green functions:
and
ImG r ℓ,m,σ (ǫ). (9) Note that ℓ = j in Eqs. (6), (8) and (9), which are valid under the condition of t c /U ℓ ≪ 1. We will study the transport properties of SCQDs on the basis of Eqs. (5), (8) , and (9).
Results and discussion 3.1 Current rectification
To numerically calculate the tunneling current of SCQDs without EPIs (λ 1 = λ 2 = 0), we adopt the intradot Coulomb interactions of U ℓ = U and tunneling rates of Γ L = Γ R = Γ. We consider these conditions of homogenous intradot electron Coulomb interactions, and symmetrical tunneling rates for simplicity. All energy scales are considered in units of Γ 0 . On the other hand, η 1(2) e∆V a is employed to describe the energy shift arising from the applied bias ∆V a across the junction. That means that E ℓ is replaced by ǫ ℓ = E ℓ + η ℓ e∆V a , assuming the right electrode is grounded. On the basis of the experiment in Ref. 1, we adopt η 1 = 0.6 and η 2 = 0.4. Although the factor η ℓ depends on the QD shape, material dielectric constant, and location, we assume that η ℓ is determined by the QD location, that is η ℓ = L ℓ /L, where L ℓ is the distance between the grounded electrode and the ℓth QD, and L is the separation distance between the left electrode and the right electrode.
We plot the tunneling current of SCQDs under the Pauli spin blockade condition (E 1 + U 12 = E 2 + U 2 ) shown in the inset of Fig. 1(a) for three different interdot Coulomb interactions at k B T = 1 Γ 0 , t c = 0.1 Γ 0 , U = 30 Γ 0 , and Γ = Γ 0 . The three curves correspond to (a) U 12 = 0 and E 1 = E F , (b) U 12 = 5 Γ 0 and E 1 = E F − 5 Γ 0 , and (c) U 12 = 10 Γ 0 and E 1 = E F − 10 Γ 0 . E F denotes the Fermi energy of the electrodes. The current rectification and negative differential conductance (NDC) of SCQDs are observed. The maximum tunneling current is suppressed in the presence of interdot Coulomb interactions. We note that the J max,R /J max,F ratios are near 2. J max,R and J max,F are the maximum current in the backward bias and forward bias, respectively. J max,R /J max,F = 2 is in very good agreement with an experimental observation.
1 The results shown in Fig. 1 indicate that the Pauli spin blockade condition is not attributed to interdot Coulomb interactions, but to intradot Coulomb interactions. On the basis of Eq. (6), the Pauli spin blockade resonant channel of E 1 + U 12 = E 2 + U 2 is determined from the probability weights of p 2 = (1 − N 1,σ )(N 2,σ − c 2 ) and
, which result from T 12 and T 21 , respectively. Figure 1(b) shows the occupation number N 1(2),σ = N 1(2),σ = N 1(2) and two particle correlation functions c 1(2) for U 12 = 10Γ 0 . The p 2 of T 12 and p 5 of T 21 are also plotted as indicated by the dotted line and dashed line in Fig. 1(b) , respectively. Because J max,F and J max,R occur, respectively, at e∆V a = 3Γ 0 and e∆V a = −4.5Γ 0 , we have p 2 = 0.28 and p 5 = 0.3 at e∆V a = 3Γ 0 and p 2 = 0.24 and p 5 = 0.65 at e∆V a = −4.5Γ 0 . Their sum is p 2 +p 5 = 0.58 at J max,F and p 2 + p 5 = 0.89 at J max,R . This demonstrates why J max,R is larger than J max,F . In the reversed bias, the increase in p 5 with respect to e∆V a results from the enhancement of (1−N 1,σ −N 1,σ +c 1 ) (dot A empty), which provides an increased probability of tunneling of electrons in the right electrode. This result of p 5 approaching one in the high backward bias indicates that the current spectra shown in Fig. 1(a) are determined not only by the probability weights of p 2 and p 5 but also by off-resonant energy levels. We find that the off-resonant energy level is a key reason to observe the NDC behavior of SCQDs. As a consequence, the QD energy level broadening will significantly influence the maximum currents in the forward and reversed biases.
3) It is worth noting that the phonon-assisted tunneling process arising from EPIs can not be ignored in the high bias regime. 7) Some current structures of SCQDs 1) in the high-bias regime can be well explained by the phonon-assisted tunneling process.
7)
For the applications of SCQDs in spintronics, it is crucial to measure the spin configuration of each electron in individual QDs. SCQDs have a functionality of spincharge conversion.
1−3) However, it is not easy to measure the small magnitude of tunneling current in the weak interdot coupling limit of t c /Γ ≪ 1. Although tunneling current can be enhanced by increasing t c , we consider how the behavior of current rectification is influenced for t c /Γ ≈ 1. To clarify the above question, we plot the tunneling current of SCQDs at various t c values in Figs. 2(a)-2(c) .Other physical parameters are the same as those for the curve with U 12 = 10Γ 0 shown in Fig. 1(a) . The maximum currents labeled J max,F and J max,R are shifted toward a higher bias when t c increases. The J max,R /J max,F ratio slightly decreases. The three maximum currents are J max,F =10.4, 167.8, and 328, which correspond to e∆V a =3, 3.6, and 4. Although the SCQD system has the functionality of spin filters under the Pauli spin blockade condition, the tunneling currents in Figs. 1 and 2 do not exhibit the spin-polarization current. The spin-polarization current of SCQDs was theoretically studied in Ref. 4 in which the authors considered the spin-bias and ferromagnetic electrodes. Our study introduces the Zeeman effect arising from a local magnetic field to yield the spin-polarization current under the Pauli spin blockade condition of E 1 + U 12 = E 2 + U 2 . Here the energy level of each QD depends on electron spin. That is ,E ℓ,σ = E ℓ ± g ℓ µ B Bσ = E ℓ ∓ ∆ Z,ℓ,σ is considered, where g ℓ denotes the g-factor, µ B is the Bohr magneton, and B is the magnetic field. For simplicity, we assume the homogenous g factor g ℓ = g < 0. We plot the spindependent charge current J σ (J −σ ) and spin-polarization current J p = J σ − J −σ in Fig. 3 . Other physical parameters are the same as those for the curve of U 12 = 10Γ 0 shown in Fig. 1 . The increase in spin-polarization cur-rent is observed with increasing Zeeman splitting. Unlike charge current, the maximum spin-polarization current in the forward bias is larger than that in the backward bias. That is J p,max,F > J p,max,B . Figure 3(c) shows the spin-dependent occupation number which determines the spin-dependent probability weights. So far, we have considered T L = T R = T in Figs. 1-3 , where the charge currents are generated only by the applied bias. To study the thermoelectric effect of SCQDs, we will consider the case of T L = T R to investigate the Seebeck coefficient.
Seebeck coefficient
If the SCQD junction system is in an open circuit, an electrochemical potential will form in response to a temperature difference across junction [see Eq. (5)]; this electrochemical potential is known as the Seebeck voltage (Seebeck effect). The Seebeck coefficient (amount voltage generated per unit temperature gradient ) is defined as S = ∆µ/∆T , where ∆µ = µ L − µ R = e∆V a and ∆T = T L − T R are the voltage difference and temperature difference across the junction, respectively. Recently, many studies have been devoted to the investigation of the thermoelectric effects of SCQDs in the linear response regime. 17−18) Because the efficiency of thermoelectric devices can be enhanced with a large temperature difference, 19) it is important to clarify the behavior of the Seebeck coefficient at a large temperature difference ∆T . Previous studies focused on the nonlinear thermoelectric properties of individual QD systems, 20,21) which may not be readily realized from the experimental point of view. The thermal resistivity of the SCQD junction system can be larger than that of a single QD system. This feature allows the SCQD system to maintain a relatively large temperature difference across the junction. In this section, we study the Seebeck coefficient in the linear and nonlinear regimes. An analytical solution of S in the linear response regime gives useful guidelines for understanding the behavior of S in the nonlinear response regime.
In the linear response regime, Eq. (5) can be rewritten
where the transmission coefficient T (ǫ) is calculated under the equilibrium condition. We define Figure 4 shows the Seebeck coefficient (S) of SCQDs with identical QDs as a function of temperature at various QD energy levels E 0 − E F = ∆ = 20, 30, 40, 50 Γ 0 . The negative S indicates that the diffusion electrons pass through the resonant channels of E 0 ± t c , E 0 + U 12 ± t c , E 0 + U + U 12 ± t c , and E 0 + U + 2U 12 . These resonant channels result from the four configurations of p 1 , p 3 , p 6 , and p 8 in Eq. (7). The maximum S(T 0 ) increases with increasing ∆. T 0 denotes the temperature at which S has a maximum value. In addition, T 0 is shifted toward to the hightemperature regime. The dashed lines calculated using S 0 (T ) = −∆/T are employed to fit these solid lines. These fitting curves show good agreement with the solid lines in the high -temperature regime. The characteristic of S 0 = −∆/T , which is independent of the tunneling rates, was also determined in the case of a single QD junction. 20) In the appendix, we derive the formula of S 0 (T ) = −∆/T for the noninteraction case when the conditions of t c /k B T ≪ 1 and Γ/k B T ≪ 1 are satisfied. Such results imply that the behavior of S 0 (T ) is not sensitive to electron Coulomb interactions. This is attributed to the very small contribution of resonant channels involving electron Coulomb interactions that are far above E F . Note that the behavior of S(T ) becomes complicated if when E ℓ − E F = ∆ < 0, because S(T ) will involve many physical parameters such as electron Coulomb interactions, the electron interdot hopping strength t c , and tunneling rate.
17)
To calculate the Seebeck coefficient in the nonlinear response regime, we numerically solve Eq. (5) by considering the condition of J = 0. Figure 5 shows the electrochemical potential and Seebeck coefficient as a function of temperature difference ∆T for different detuning energies ∆ at k B T L = 40 Γ 0 . The curve with triangles(considering ∆ = 50 Γ 0 ) neglects the shift of the QD energy level yielded by the electrochemical potential. That is, η 1 = η 2 = 0. ∆µ increases with increasing ∆T . When ∆T > 0, ∆µ = e∆V a is negative. On the other hand, ∆µ is positive when ∆T < 0. By Comparing the blue solid line with the curve with triangles in Fig. 5(a) , we find that under the forward temperature bias (T L > T R ), the case of η 1 = η 2 = 0 needs a larger electrochemical potential (∆µ) to balance diffusion carrier flow mainly through the resonant channels of E 0 ± t c from the left electrode to the right electrode. This is because the resonant channels are always kept in the case of η 1 = η 2 = 0. Once η ℓ = 0, the electrochemical potential will generate the off-resonant channels and the carrier diffusion flow will be blocked. Under the reverse temperature bias (k B T R > k B T L = 40Γ 0 ), the difference between the blue solid line and the curve with triangles is small even though ∆T = −20Γ 0 . This indicates that diffusion carrier flow does increase too much with increasing temperature bias. Figure 5(b) shows the Seebeck coefficient corresponding to the electrochemical potentials shown in Fig. 5(a) . The behavior shown in Fig. 5(b) can be roughly described by S = S 0 /(1 − 0.5∆T /T ). If ∆T /2T ≪ 1, we have T R = T L −∆µ/S 0 . This result may be useful for the application of temperature detectors.
22)
According to the definition of S = (k B /e)(−L 1 /L 0 ), S is related to the electrical conductance G e = eL 0 . We further examined the relationship between these thermoelectric response functions. Figure 6 shows the electrical conductance (G e ) of SCQDs with identical QDs (E ℓ = E 0 = E F + 30Γ 0 − eV g ) as a function of gate voltage for different values of EPIs (Ω ℓ ) at a low temperature k B T = 1Γ 0 . Note that we have T p = T in the linear response. The coupling strength of EPIs can be tuned by the phonon cavity, which modulates the phonon density of states to change λ ℓ = Ω ℓ /ω 0 . 9−11) In the absence of λ ℓ = 0, there are eight resonant channels of E 0 ± t c , E 0 + U 12 ± t c , E 0 + U + U 12 ± t c , and E 0 + U + 2U 12 ± t c , which are labeled from eV g1 to eV g8 . The first peak (eV g1 ) is shifted toward a low gate voltage with increasing λ, which is attributed to the shift of the QD energy level E e ℓ = E ℓ − λ 2 ω 0 . Because of the reduction of the interdot Coulomb interaction U e ℓ,j = U ℓ,j − 2λ 1 λ 2 ω 0 , there are only six peaks and four peaks in the λ 1 = λ 2 = 0.
is independent of λ. The separation between the peaks corresponding to the bonding and antibonding states is invariant.
In Fig. 6 , we considered the case of λ 1 > 0 and λ 2 > 0. It is possible to have a positive λ 1 and a negative λ 2 by considering QDs at particular locations in the phonon cavity. For instance, dot A is out of phase from dot B under phonon fields [see Eq. (4)]. This will lead to a reduction of intradot Coulomb interaction and an enhancement of interdot electron Coulomb interaction. Figure 7 shows the electrical conductance (G e ) and Seebeck coefficient (S 0 ) as a function of gate voltage for different λ values. For λ 1 = 0.5 and λ 2 = −0.5, the spectra of G e and S 0 are significantly changed owing to the reduction of interdot hopping strength [t 
17)

Summary and Conclusions
Intradot Coulomb interactions are more important than interdot Coulomb interactions in the observation of current rectification spectra in the Pauli spin blockade. The current rectification is not restricted in the weak interdot hopping limit (t c /Γ ≪ 1). From the experimental point of view, the release from the weak interdot hopping restriction is very useful for measuring the tunneling current of SCQDs. Unlike the charge current rectification, the maximum spin-polarization current is obtained in the forward bias regime. The Seebeck coefficients in the linear and nonlinear response cases were studied. The universal behavior of the Seebeck coefficient (S 0 = −k B ∆/eT ) may be useful for the application of temperature detectors. EPIs provide an extra degree of freedom to control carrier transportation.
is the Fermi distribution function of the left (right) electrode. ǫ ℓ = E ℓ + η ℓ e∆V a . In the linear response regime, we take e∆V a → 0 and k B ∆T → 0 in Eq. (A1) and we have J = L 0 e∆V a + L 1 k B ∆T , where
, and
for considering the condition of J = 0.
By using contour integration, L 0 and L 1 can be evaluated in terms of polygamma functions.
23) Because we are interested in the case of k B T /Γ 0 ≫ 1 and ∆ = (E 0 − E F ) ≫ t c , we have the thermoelectric response functions L 0 and L 1
On the basis of Eqs. (A3) and (A4), we obtain the electrical conductance (G e ) and Seebeck coefficient (S 0 ) with the following expressions
The Seebeck coefficient of Eq. (A6) depends on the detuning energy and equilibrium temperature. 
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